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Abstract. In this work, we construct time-dependent wormhole solutions in the con-
text of f(R) theory of gravity. The background matter is considered to be traceless. By
considering specific shape function and power-law expansion exact solutions for f(R)
are found. The null and the weak energy conditions (NEC and WEC) are checked for
wormhole solutions. It is shown that the matter threading the wormhole spacetimes
with either accelerated expansion or decelerated expansion satisfies the NEC andWEC.
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1. Introduction
Recent astronomical observations have shown that the universe is accelerating at present
time [1, 2]. According to this nowadays standard scenario, the universe is flat and
undergoing an accelerated expansion driven by a mysterious fluid with negative pressure
nearly homogeneously distributed and making up to ∼ 70 % of the energy content. This
exotic component is called dark energy. The dark energy is gravitationally repulsive and
accelerates the expansion of the universe.
There are different proposals for explaining this phenomenon. Some of them are based on
assumptions of standard cosmological models, which utilize FRW metric. The simplest
possibility for dark energy is a cosmological constant Λ, introduced by Einstein in 1917.
In the early history of modern cosmology the cosmological constant was invoked twice.
First by Einstein to obtain static models of the Universe. Next by Bondi and Gold and
by Hoyle to resolve an age crisis and to construct a Universe that satisfied the “Perfect
Cosmological Principle,” i.e., one that appears the same at all times and places. In both
instances the motivating crisis passed and the cosmological constant was put aside. The
cosmological constant corresponds to a fluid with a constant equation of state parameter
ω = −1 [3, 4].
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The other possibility to dark energy related with the modifications of Einstein
gravity in such a way, that would give the gravitational alternative to dark energy.
Conceptually, it looks very attractive as then the presence of dark energy is only the
consequence of the universe expansion. Examples of such modified gravity Dark Energy
(DE) models are theories where the Ricci scalar R in the Lagrangian is replaced by a
generic function f(R). The usual general relativity is recovered in the limit f(R) = R,
while completely different results may be obtained for other choices of f(R). Modified
f(R) gravity presents very natural unification of the early-time inflation and late-time
acceleration thanks to different role of gravitational terms relevant at small and at large
curvature. Earlier interest in f(R) theories was motivated by inflationary scenarios as
for instance, in the Starobinsky model, where f(R) = R− Λ + αR2 was considered [5].
In fact, it was shown that the late-time cosmic acceleration can be indeed explained
within the context of f(R) gravity [6].
As in general relativity, f(R) gravity theories obtain the field equations by varying the
total action for both the field and matter. In the literature, there are two approaches
on how to perform the variation. we use the metric (Einstein - Hilbert) variational
principle, according to which the action is varied with respect to the metric tensor gµν ,
and the affine connection coefficients are the Christoffel symbols of gµν . The other
one is the metric-affine (Palatini) variational principle, according to which the metric
and connection are considered as geometrically independent quantities, and the action
is varied with respect to both of them. the field equations in the metric theories are
fourth-order differential equations, while for the Palatini formalism they are second-
order.
In this paper, we extend the analysis of dynamic and spherically symmetric
spacetimes considered in the literature, and analyze traversable wormhole solutions
in f(R) modified theories of gravity. Traversable wormholes were popularized as a
respectable theoretical possibility by Morris and Thorne in 1988 [7]. The spatial
topology of the wormhole is the same as in the black-hole cases, but the throat or
the minimal surface is preserved in time, so that observers can pass through it in
either direction. In classical general relativity, wormholes are supported by negative-
energy matter, i.e., exotic matter, which involves a stress-energy tensor that violates
the null energy condition (NEC) [7, 8]. Hochberg and Visser proof in their work that
the violation of the NEC is a generic feature of all wormholes, whether they are time-
dependent or static [9]. Also, they have shown that for evolving wormholes, the violation
of the weak energy condition (WEC) can be avoided, but the NEC is not preserved [10-
12]. The nature of the energy condition violations associated with wormholes has led
numerous people to try to find ways of evading or minimizing the violations. Several
candidates have been proposed in the literature, amongst which we refer to solutions in
higher dimensions, for instance, Bhawal and Kar investigated the energy conditions for
wormhole solutions in the context of D-dimensional Einstein-Gauss-Bonnet theory of
gravitation [13]. DeBenedictis and Das have studied wormhole solutions to Einstein’s
equations with an arbitrary number of time-dependent compact dimensions; for these
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solutions radial size of energy condition violation is restricted by the extra dimensions
[14]. Bronikov and Kim have studied possible wormholes in brane world [15].
In this work, we will investigate time-dependent wormholes for the modified f(R)
gravity. We will confine the argument to dynamic wormholes in an expanding universe
dominated by traceless fluid and will discuss the energy conditions (NEC and WEC)
violation by these solutions.
2. Field Equations in f(R) Theory of Gravity
In this section we shall analyze the modified f(R) gravity action in four dimensions
spacetime. A spherically symmetric metric tensor will be considered. We shall present
some geometric properties associated with this corresponding spacetime, and provide
the general fields equations obeyed by the components of the metric tensor.
Let us start from the rather general 4-dimensional action [16]
A = Ag + Am =
∫ √−g (f(R) + 2Lm) d4x , (1)
where R is the scaler curvature, f(R) is an arbitrary function in terms of R and Lm is a
matter Lagrangian density. The signature is (−+++) and we are using physical units
8piG = c = 1. ( G is Newton’s gravitational constant and c is the speed of light).
By the variation of the action (1) with respect to the metric gµν , one reaches to the
following field equation
FRµν −
1
2
gµνf −∇µ∇νF + gµνF − Tmµν = 0 , (2)
which are fourth-order equations. F = df/dR, Rµν is the Ricci tensor and µ, ν =
0, 1, 2, 3. Considering the contraction of equation (2), provides the following relationship
FR− 2f + 3F = T , (3)
which shows that the Ricci scalar is a fully dynamical degree of freedom, and T = T µµ
is the trace of the stress-energy tensor. The trace equation (3) can be used to simplify
the field equations and then can be kept as a constraint equation. Thus, substituting
the trace equation into equation (2), and re-organizing the terms we end up with the
following gravitational field equation
Gµν = Rµν −
1
2
gµνR = T
e
µν , (4)
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where the effective stress-energy tensor is given by T eµν = T˜µν + T
m
µν . The term T˜µν is
given by
T˜µν =
1
F
[
∇µ∇νF −
1
4
gµν(T +F +RF )
]
, (5)
is called the curvature stress-energy tensor, and
T
m
µν =
1
F
Tmµν . (6)
It must be noted that for f(R) = R, the curvature stress-energy tensor identically
vanishes and (4) reduces to the standard second-order Einstein field equations. It is clear
that the curvature stress-energy tensor plays the role of a further source of gravitation
in the field equations.
Now, consider the following spherically symmetric metric
ds2 = −e2Φ(r)dt2 + S(t)2
[
dr2
1− b(r)
r
+ r2dθ2 + r2 sin2 θdφ2
]
, (7)
which is the general metric for a dynamic wormhole spacetime [17]. S(t) is the scale
factor, Φ(r) and b(r) are arbitrary functions of the radial coordinate, r, denoted as the
redshift function, and the shape function, respectively. The radial coordinate r is non-
monotonic in that it decreases from infinity to a minimum value r0, representing the
location of the throat of the wormhole, where b(r0) = r0, and then it increases from r0
back to infinity. For the wormhole to be traversable, one must demand that there are
no horizons present, so that Φ(r) must be finite everywhere. In the analysis outlined
below, we consider that the redshift function is constant, Φ′ = 0, which simplifies the
calculations considerably, and provide interesting exact wormhole solutions.
Relative to the matter content of the wormhole, we impose that the stress-energy
tensor that threads the wormhole satisfies the energy conditions. Using an orthonormal
reference frame with the basis
e0ˆ = e
−Φet ,
e1ˆ =
er
√
(1− b/r)
S
,
e2ˆ =
eθ
rS
,
e3ˆ =
eφ
rS sin θ
,
(8)
the stress-energy tensor is given by
Tµˆνˆ = diag(ρ(r), pr(r), pt(r), pt(r)) , (9)
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where ρ denotes the energy density, pr(r) is the radial pressure measured in the direction
of e1ˆ, and pt(r) is the transverse pressure measured in the orthogonal direction to e1ˆ.
It can be shown that in the orthonormal frame (8), the metric (7) becomes
gµˆνˆ = diag(−1, 1, 1, 1) . (10)
The curvature scalar for the metric (7) depends on r, t, that is
R = 6(H˙ + 2H2) +
2b′
S2r2
, (11)
where H = S˙/S, is the Hubble parameter. The prime denotes a derivative with respect
to the radial coordinate, r, and the overdot denotes differentiation with respect to time.
The effective field equation (4) provides the following relationships
3H2 +
b′
S2r2
=
ρ
F
+
1
F
[
N + F¨
]
, (12)
−2H˙ − 3H2 − b
S2r3
=
pr
F
+
1
F
[
−N −HF˙ + (r − b)F
′′
S2r
− (b
′r − b)F ′
2S2r2
]
, (13)
−2H˙ − 3H2 − b
′r − b
2S2r3
=
pt
F
+
1
F
[
−N −HF˙ + (r − b)F
′
S2r2
]
, (14)
where F = F (r, t), F˙ = (∂/∂t)F (r, t), F¨ = (∂/∂t)2F (r, t), F ′ = (∂/∂r)F (r, t), and
F ′′ = (∂/∂r)2F (r, t). The term N = N(r, t) is defined as
N(r, t) =
1
4
(FR +F + T ) , (15)
for notational simplicity.
Note that the gravitational field equation (12)-(14), can be reorganized to yield the
following relationships
ρ = −F¨ + 3H2F + b
′F
S2r2
, (16)
pr = −2H˙F +HF˙ − 3H2F −
bF
S2r3
+
(b′r − b)F ′
2S2r2
− (r − b)F
′′
S2r
, (17)
pt = −2H˙F +HF˙ − 3H2F −
(b′r − b)F
2S2r3
− (r − b)F
′
S2r2
, (18)
which can be the generic expressions of the matter threading the wormhole, as a function
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of the shape function and the specific form of F (r, t). Thus, by specifying the above
functions, one deduces the matter content of the wormhole.
one may now adopt several strategies to solve the field equations. For instance, if
b(r), and S(t) are specified, and using a specific equation of state pr = pr(ρ) or pt = pt(ρ)
one can obtain F (r, t) from the gravitational field equations and the curvature scalar
in a parametric form, R(r, t), from its definition via the metric. Then, once T = T µµ is
known as a function of r, t, one may in principle obtain f(R) as a function of R from
equation (3). For static case, S(t) = 1, the gravitational field equations (16)-(18) reach
to the field equations are obtained by Francisco S. N. Lobo, and Miguel A. Oliveira [18].
3. The Wormhole Solutions
In this section, we obtain the dynamic wormhole solutions for a specific equation of
state. An interesting equation of state is that of the traceless stress-energy tensor,T =
−ρ + pr + 2pt = 0, which is usually associated to the Casimir effect, with a massless
field. Note that the Casimir effect is sometimes theoretically invoked to provide exotic
matter to the system considered at hand. The condition T = 0 together with equations
(16)-(18), provide the following equation
F¨ + 3HF˙ − (12H2 + 6H˙)F − 2b
′F
S2r2
+
(b′r + 3b− 4r)F ′
2S2r2
− (r − b)F
′′
S2r
= 0. (19)
In principle, as mentioned above one may deduce F (r, t) by imposing a specific b(r) and
S(t), the specific form f(R) may be found from the trace equation (3). For instance,
we consider that the specific shape function and scale factor given by
b(r) = r0
S(t) = S0t
n , n > 0 ,
(20)
where n is a parameter which we take it positive. Thus, equation (19) yields the follow-
ing solution
F (t) = c1 t
m+ + c2 t
m
− , (21)
(22)
m± = −
3n
2
+
1
2
± 1
2
√
57n2 − 30n+ 1 (23)
c1 and c2 are constant.
The gravitational field equations, (16)-(18), provide the following relations for the
stress-energy tensor threading the wormhole
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ρ =
27n
2t2
(c1a+t
m+ + c2a−t
m
−) , (24)
pr =
9n
2t2
[(
a+ −
2r0t
2
9nt2nr3
)
c1t
m+ +
(
a− −
2r0t
2
9nt2nr3
)
c2t
m
−
]
, (25)
pt =
9n
2t2
[(
a+ +
r0t
2
9nt2nr3
)
c1t
m+ +
(
a− +
r0t
2
9nt2nr3
)
c2t
m
−
]
, (26)
a± = −n +
5
9
± 1
9
√
57n2 − 30n+ 1 .
For the specific shape function and scale factor considered above, the Ricci scalar, equa-
tion (11), is given by R = 6n(2n−1)/t2. Substituting these relations into the consistency
relation (3), provides the specific form of f(R), which is given by
f(R) = −R
[
c1
(
6n(2n− 1)
R
)m+
2
+ c2
(
6n(2n− 1)
R
)m−
2
]
. (27)
It must be noted that for our solutions we adopted S(0) = 0 as an initial condition.
Spacetimes with accelerated expansion come to play an important role in cosmology.
The accelerated expansion occurs for n > 1. Note that n = 1 is the boundary between
the accelerated and decelerated expansion.
4. Energy Conditions
A fundamental point in wormhole physics is the energy condition violations, as
mentioned above. However, a subtle issue needs to be pointed out in modified theories
of gravity, where the gravitational field equations differ from the classical relativistic
Einstein equations. In this section we will check the null energy condition (NEC), and
the weak energy condition (WEC) for our solutions in the previous section. The weak
energy condition says that the energy density of any system at any point of spacetime
for any observer is positive. When the observer moves at the speed of light it has a well
defined limit called the null energy condition. The weak and the null energy conditions
are the weakest of the energy conditions their violation signals that the other energy
conditions are also violated [19].
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The NEC specifies that for any null vector: T eµνk
µkν ≥ 0 (where kµ is a null vector).
The null energy condition leads to the following relationship
ρe + per =
ρ+ pr
F
+
F¨ −HF˙
F
. (28)
Using the gravitational field equations, (28) takes the familiar form
ρe + per =
1
t2
(
2n− r0t
2
t2nr3
)
. (29)
Then, we will have the following inequalities
2n ≥ (t2r0)/(t2nr3) −→
ρ+ pr
F
+
F¨ −HF˙
F
≥ 0 ,
2n < (t2r0)/(t
2nr3) −→ ρ+ pr
F
+
F¨ −HF˙
F
< 0 .
(30)
We consider that the matter threading the wormhole obeys the energy conditions. The
weak energy condition (WEC) is given by ρ ≥ 0 and ρ + pr ≥ 0, then equations (16)
and (17), together with (20) yield the following inequalities
ρ ≥ 0 −→ 3n
2
t2
F − F¨ ≥ 0 ,
ρ+ pr ≥ 0 −→ −F¨ +
n
t
F˙ +
2n
t2
F − r0
r3t2n
F ≥ 0 .
(31)
Thus, if one imposes that the matter threading the wormhole satisfies the energy
conditions, we emphasize that it is the higher derivative curvature terms that sustain
the wormhole geometries. Thus, in finding wormhole solutions it is fundamental that
the functions f(R) obey inequalities (30) and (31).
Equation (24) yields the following inequalities
ρ ≥ 0 −→


c1 ≥ 0 , c2 > 0 or c1 > 0 , c2 ≥ 0 for 0 < n . 0.04 ,
c2 ≤ 0 , c1 > 0 or c2 < 0 , c1 ≥ 0 for 0.49 . n < 2 ,
c1 ≤ 0 , c2 < 0 or c1 < 0 , c2 ≤ 0 for n > 2 .
(32)
Also, by Using (24) and (25), we reach to the following relationship
ρ+ pr =
18n
t2
[(
a+ −
r0t
2
18nt2nr3
)
c1t
m+ +
(
a− −
r0t
2
18nt2nr3
)
c2t
m
−
]
. (33)
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By inspection we see that the expression (33) can be positive (or zero).
For n > 2 the stress-energy tensor satisfies the NEC and WEC for the values
c1 < 0 , c2 ≤ 0 or c1 ≤ 0 , c2 < 0. Also, for 0.49 . n < 2 the stress-energy ten-
sor satisfies the NEC and WEC for the values c1 = 0 , c2 < 0. But, for 0 < n . 0.04
the violation of the NEC and WEC can be avoided at some times or in some regions
with specific radii.
Therefore, we have wormhole spacetimes with accelerated expansion that the matter
threading these spacetimes satisfies the energy conditions (NEC and WEC), for the
specific values c1 and c2.
5. Conclusion
In this paper, we have discussed dynamic wormhole solutions of f(R) theory of gravity.
The matter needed to support the geometry was assumed to be traceless. In the
analysis outlined above, we considered a constant redshift function, which simplified
the calculations considerably, yet provide interesting enough exact solutions. Also, we
considered a constant shape function and the scale factor as a positive power of t.
One may also generalize the results of this paper by considering another suitable shape
functions and scale factors.
We have checked the NEC and WEC violations for the solutions. The matter
threading the wormholes satisfies the energy conditions (NEC and WEC) for the
specific values c1, c2, n, and it is the higher order curvature derivative terms, that may
be interpreted as a gravitational fluid, that support these wormholes, fundamentally
different from their counterparts in general relativity.
In this work, we have shown that the matter threading the wormhole spacetimes
with either accelerated expansion or decelerated expansion satisfies the NEC and WEC
for the specific values c1 and c2.
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